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This paper addresses set invariance properties for linear time-delay systems. More precisely, the first goal
of the article is to review known necessary and/or sufficient conditions for the existence of invariant sets
with respect to dynamical systems described by linear discrete time-delay difference equations (dDDEs).

Secondly, we address the construction of invariant sets in the original state space (also called D-invariant
sets) by exploiting the forward mappings. The notion of D-invariance is appealing since it provides a
region of attraction, which is difficult to obtain for delay systems without taking into account the delayed
states in some appropriate extended state space model.
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Discrete time-delay difference equations The present paper contains a sufficient condition for the existence of ellipsoidal D-contractive sets for
dDDEs, and a necessary and sufficient condition for the existence of D-invariant sets in relation to linear
time-varying dDDE stability. Another contribution is the clarification of the relationship between convex-
ity (convex hull operation) and D-invariance of linear dDDEs. In short, it is shown that the convex hull

of the union of two or more D-invariant sets is not necessarily D-invariant, while the convex hull of a

non-convex D-invariant set is D-invariant.
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1. Introductory remarks

Positive invariance is an essential concept in control theory,
with applications to constrained dynamical systems analysis,
uncertainty handling as well as related control design problems
(Blanchini, 1999; Hmamed, Benzaouia, Ait Rami, & Tadeo, 2007;
Moussaoui, Abbou, & Loiseau, 2014). It serves as a basic tool in
many topics, such as model predictive control (Mayne, Rawl-
ings, Rao, & Scokaert, 2000; Reble & Allgéwer, 2010c; Santos &
Gonzalez, 2015d), fault tolerant control (Olaru, De Dona, Seron,
& Stoican, 2010) and reference governor design (Stoican, Olaruy,
Seron, & De Dona, 2012). Furthermore, there exists a close link
between classical stability theory and positive invariant sets. It is
worth mentioning that, in Lyapunov theory, invariance is implicitly
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described by the sub-level sets of a Lyapunov function, which are
known to be contractive sets (Blanchini & Miani, 2008).

The response of a dynamical system to external excitation is
rarely instantaneous, and time-delay models are well suited for de-
scribing dynamics related to propagation phenomena and/or com-
munication flows (see, for example, Avila Alonso et al., 2014;
Boussaada, Mounier, Niculescu, and Cela, 2012; Di Cairano, Kal-
abi¢, and Kolmanovsky, 2015; Hennet, 1998; Hetel, Daafouz, Tar-
bouriech, and Prieur, 2013; Hmamed, Benzaouia, and Bensalah,
1995; Keqin Gu, 2003; Miani & Morassutti, 2009; Michiels &
Niculescu, 2007; Normey-Rico, 2007; Samanta, 2011; Seuret, Ozbay,
Bonnet, & Mounier, 2014; Tarbouriech, 1998; Tarbouriech & Silva,
2000e). In closed loop, the dynamics can be represented by delay
differential equations (resp. inclusions) or delay difference equa-
tions (resp. inclusions) according to the continuous/discrete frame-
work and the presence of disturbances or uncertainties. In the
present paper, we consider autonomous dynamics where the de-
layed arguments are treated as a state dependence and not as a
perturbation signal.

From a mathematical point of view, delay difference equa-
tions form an important modeling class, since most modern con-
trollers are implemented via computers or dedicated embedded
systems. They have been widely studied in the literature (see

1367-5788/© 2016 International Federation of Automatic Control. Published by Elsevier Ltd. All rights reserved.
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Cooke & Ivanov, 2000; Elaydi, 2004; Fisher & Goh, 1984; Tang &
Chen, 2002). Difference and differential equations with unbounded
random delays have been addressed in Crauel, Doan, and Sieg-
mund (2009). Delay difference inclusions DDIs represent also a rich
modeling class including networked control systems and uncertain
time-delay systems. The relationship between stability of DDIs and
the existence of Lyapunov-Krasovskii and Lyapunov-Razumikhin
functions has been studied in detail in Gielen, Lazar, and Kol-
manovsky (2012a). Stabilizing controller construction and stability
analysis based on Lyapunov-Krasovskii and Lyapunov-Razumikhin
functions for DDIs have been proposed therein.

Positive invariance for dynamical systems described by dDDEs
has been addressed in Seifert (1976). As hinted before, two main
approaches exist in the literature dealing with positive invari-
ant sets for discrete time-delay difference equations. The first ap-
proach, referred to as Krasovskii approach, relies on the fact that
the discrete-time dDDE allows a finite-dimensional extended state
space model (this representing a demarcation with respect to the
continuous-time counterpart). This extended state space, whose di-
mension is finite but strongly related to the delay value, leads to an
invariant set characterization with respect to an equivalent linear
time-invariant model. This concept is well understood and popular
in the literature, but it suffers from an increased numerical com-
plexity when delays are relatively large. Lyapunov-Krasovskii and
spectral techniques have been also used in Damak, Ferhi, Andrieu,
Di Loreto, and Lombardi (2013) to analyze Lyapunov and asymp-
totic stability.

The second approach, referred to as Razumikhin approach, has
been formulated in the '90s and re-investigated in the last decade,
to obtain an invariant set for the dDDE in the original state space,
which is independent of the delay value. This concept is also de-
noted as D-invariance, and is often conservative as long as the
existence conditions are restrictive. It is worth mentioning that a
relaxation of the Lyapunov-Razumikhin conditions has been pro-
posed by Gielen, Lazar, and Rakovi¢ (2013). The proposed condi-
tions, which can be verified by solving an LMI problem for lin-
ear dDDEs, prove to be necessary and sufficient for asymptotic
stability of dDDEs. Furthermore, the obtained relaxed Lyapunov-
Razumikhin functions are useful for constructing invariant sets for
dDDEs.

It has been recently recognized that D-invariance can be seen
as set factorization of an invariant set in the extended state space
(Olaru, Stankovi¢, Bitsoris, & Niculescu, 2014). It has been estab-
lished that the extended state space invariance corresponds to a
minimal factorization while D-invariance, under the constraints
imposed by the dimension of the dDDE, represents the maxi-
mal regular ordered factorization. This interesting result opens the
way for factorizations which are in between the two representa-
tions, by exploiting non-minimal state space equations. In Laraba,
Olaru, Niculescu, and Bitsoris (2015a), the authors have focused on
the maximal factorizations. They have proposed a characterization
of the link between the Razumikhin and Krasovskii approaches,
by using set factorization. The proposed framework yields a fit-
ting trade-off between the conceptual generality of the extended
state space approach and the computational convenience of the
D-invariance approach. It has been shown that D-invariance rep-
resents a particular realization of a broader family of invariant
structures. The relationship between these families of invariant
sets has been established via set factorization and conjugacy. In
Athanasopoulos and Lazar (2014a), two specific families of con-
trolled (k, A)-contractive sets in the augmented state space frame-
work have been characterized and the link between these con-
trolled (k, A)-contractive sets and those of the time-delay system
has been established in Rakovic and Gielen (2014).

In Lombardi, Olaru, Bitsoris, and Niculescu (2012), a new
concept of set invariance with respect to discrete-time linear

systems subject to delays has been introduced. A family of sets
which represent a sequence of cyclically invariant subsets of the
state space was defined and characterized. Basically, the existing
algebraic conditions for invariance analysis of linear dynamics
have been generalized and conditions for the invariance of a given
sequences of sets with respect to linear discrete-time dynamics
in the presence of delay have been established. The notion of
invariant family of sets has been proposed in Rakovic¢, Gielen, and
Lazar (2012) and Rakovic and Gielen (2014) to generalize the cyclic
invariance concept.

This paper is an extended version of work published in Laraba
et al. (2015b), where we addressed the existence of positive in-
variant sets in the state space of the original dDDE. More pre-
cisely, the case of two delays was addressed in the conference pa-
per, while the general case is treated here. D-invariant sets can
be seen as invariant sets in both the current and the retarded
state space and further related to the stability analysis based on
Lyapunov-Razumikhin approach. Sufficient conditions for the exis-
tence of a D-invariant set have been first obtained in Dambrine,
Richard, and Borne (1995); Goubet-Bartholomeus, Dambrine, and
Richard (1997). Then, a necessary and sufficient characterization
for the existence of D-invariant sets has been provided in Hennet
and Tarbouriech (1998); Vassilaki and Bitsoris (1999). Particularly,
as far as the construction of D-invariant sets is concerned, we can
find a series of results in Lombardi, Luca, Olaru, and Niculescu
(2011a); Lombardi, Olaru, Lazar, and Niculescu (2011b), which will
be appropriately recalled in the present paper. Recently, Stankovic,
Olaru, and Niculescu (2014) has proposed a computationally effi-
cient numerical routine which is necessary to guarantee the exis-
tence of D-invariant sets for the delay difference equations with
two delay parameters. This condition covers, for the two delay
case, the existing necessary conditions in the literature and proves
to reduce considerably the gap with respect to sufficient condi-
tions. In the present work, we provide an interesting example for
which the condition in Stankovic et al. (2014) is verified but the
existing algorithms fail to construct a D-invariant set.

As discussed in Aleksandrov and Mason (2014), from the stabil-
ity point of view a pertinent analysis of D-invariance can be made
in relationship with delay-independent stability. In short, it has been
shown that the existence of a diagonal Lyapunov-Krasovskii func-
tional is necessary and sufficient for delay-independent stability.
Polyhedral Lyapunov functions have been used for stability and
positive invariance analysis of networked control systems in the
presence of bounded delays, constant, unknown or time-varying.
The problem of finding stability margins has been proved to re-
duce to a linear programming problem (Bitsoris, Athanasopoulos,
& Dritsas, 2012).

To summarize, the main objectives of the present paper are re-
sumed as follows: i) an overview of necessary and/or sufficient
conditions for the existence of D-invariant sets for dDDEs with an
arbitrary delay value; ii) a sufficient condition for the existence of
ellipsoidal D-invariant sets for dDDEs; iii) the proof of the rela-
tionship between time-varying dDDE stability and the existence of
D-invariant sets; iv) the proof of two properties related to con-
vexity and convex operations over D-invariant sets. Notably, it is
established that a dDDE admits a D-invariant set if and only if it is
time-varying delay-independent stable.

This paper is structured as follows. Section 2 presents some
preliminary mathematical notions and definitions. Basic properties
of D-invariance concept are addressed in Section 3. In the same
section, we present necessary and sufficient conditions for the ex-
istence of nontrivial sets. The relationship between D-invariance
and stability of dDDEs concludes the section. Algorithmic construc-
tion based on set iteration using forward mappings, and some
illustrative examples are revisited in Section 4. The concepts of
cyclic invariance and the invariant families of sets as well as the
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relationship with the set factorization are presented in Section 5.
Finally Section 6 draws some concluding remarks.

2. Prerequisites
2.1. Notations

We denote by R, R;, Z and Z, the sets of real numbers, non-
negative reals, integer numbers and non-negative integers, respec-
tively. For every interval IT of R we define Zp :=Z N TIl. For an
arbitrary set A C R", int(A) denotes the interior of A. B!(0) de-
notes the ball of radius r in Euclidean norm, centered in the origin
of R". We denote by 1, the vector of dimension 'n’ with all the
entries equal to 1. We denote by D, dD, ext(D) the open unit disc,
the unit circle and the exterior of the closed unit disc respectively.
For the matrix pair (A, B), the set of generalized eigenvalues and
the Kronecker product are denoted by y(A, B) and A®B, respec-
tively. I, ¢ R™" and Opxm € R™™ denote the identity and the null
matrix, respectively. X ¢ ) denotes the Minkowski sum of sets X
and ), which is defined by:

XoY:={zl A(x,y) € (X,Y) such that z=x +y}.

Definition 1. A set P C R" is bounded if there exists r € R, such
that P c B} (0); closed if Vx ¢ P, e € Ry such that Bl (x) NP = ¢;
compact if it is bounded and closed.

Definition 2. A set P C R" is a (proper) C-set if is convex, compact
and includes the origin in its strict interior.

We denote by Com(R™) and ComC(R") the space of compact
subsets and the space of C-subsets of R" containing the origin,
respectively. The spectrum of a matrix A € R™" is the set of the
eigenvalues of A, denoted by A(A), while the spectral radius is de-
fined as p(A) := maxg . y(a)(I§]). The spectral norm will be de-

noted by o(A) and is defined as o (A) := \/p(ATA).
2.2. System dynamics

In the sequel, we will consider discrete time-delay difference
equations of the form:

d
x(k+1) =Y Ax(k—1) (1)

i=0

where x(k) € R" is the state vector at the time ke Z,, d € Z; is
the maximal fixed time-delay, the matrices A; € R™", for i € Zjg q)
and the initial conditions are considered to be given by x(—i) =
X_j € R", forie Z[O.d]'

Definition 3. The null solution of the dDDE:

x(k+1) =Y " Ax(k - d;) (2)

i=0

is asymptotically stable if Ye > 0, 36 > 0 such that whenever
supjllx(=p)Il <6, j={1,....m}, [Ix(k)|| < €,Vk € Z, and x(k) —
0 when k — .

Definition 4. The dDDE (2) is delay-independently stable if its null
solution is stable Vd = [dq, ..., dn] € (Z,)™t1.

Definition 5. The dDDE with time-varying (positive) delay values:

x(k+1) =Y Ax(k - d;i(k)) (3)

i=0

is delay-independently stable if its null solution is stable Vd (k) =
[do(k), ....dm(K)] € (Z+)™1,

It is clear that an extended state space representation can be
constructed for any given delay realization. For instance, by setting
E(k) =[x(K)T---x(k—d)T]T, Eq. (1) can be rewritten as:

Ao ... Agq Ag

E(k+1) =A&(k) = & (k). (4)
o ... I 0

This class is relevant for modeling several propagation and trans-
mission phenomena. One example is represented by networked
control systems (see Heemels et al, 2010) where the feedback
mechanism is affected by communication delays. These delays are
known to degrade the performances and eventually affect sta-
bility (Halanay & Rasvan, 2000). We report next, without proof,
some well-known results related to asymptotic stability of systems
(1) and (4) (see e.g Astrom, Wittenmark, 1997).

Lemma 1. The following statements hold:

- System (1) is asymptotically stable if and only if

d
det <zI - ZA,—z‘i) #£0, Vzeext(D)UaD. (5)

i=0
« System (4) is asymptotically stable if and only if:
pAg) < 1. (6)
Theorem 2. The following statements are equivalent:

+ The delay difference equation (1) is asymptotically stable.
 The system (4) is asymptotically stable.

3. D-invariance properties

Let us first consider the generic (nonlinear) discrete-time dy-
namical system:

x(k+1) = f(x(k)) (7)

where x(k) € R" is the state vector at time k € Z, and the function
f:R" — R" is continuous.

Definition 6. The set P c R" is said positively invariant for the
system (7) if for all x(k) € P, x(k+ 1) € P for k € Z,. Alternatively,
the set P ¢ R" is positively invariant for (7) if f(P) € P.

Definition 7. Given a scalar € € R 1, a set P c R" containing the
origin is called e-contractive with respect to system (7) if for any
x(k) e P, x(k+1) ceP for ke Z,.

One can notice from Definitions 6 and 7 that positive invari-
ance is a limit case of e-contractivness (it would amount to choos-
ing € =1 in Definition 7). In the sequel, we will come back to
these notions and detail analogies and particularities of time-delay
systems. The D-invariance concept, recalled below, will be widely
used throughout this paper for the set-characterization of dDDEs.
The notations by Lombardi et al. (2011a, 2011b) will be mainly
used in this endeavor.

Definition 8. A set P C R" is called D-invariant for the system
(1) with initial conditions x_; € P for all i € Zg q) if the state tra-
jectory satisfies x(k) € P,Vk € Z..

Lemma 3 (Lombardi (2011)). The following statements are equiva-
lent:

1. P € R" is D-invariant for system (1).
2. DL APCP
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Several properties fix a set of basic relations between D-
invariant sets.

Proposition 1. The following properties hold:

1. If P c R" is D-invariant then «’P is D-invariant for any o € R..

2. Let Py, P, ¢ R™ be two D-invariant sets for (1). Then P; NP, is a
D-invariant set for the same dynamical system.

3. Let P;,P, Cc R" be two D-invariant sets for (1). The Minkowski
sum P; @ P, is a D-invariant set for the same dynamical system.

4. If the set P c R" is D-invariant for the system:

d
x(k+1) =Y Ax(k—i) (8)

i=0
then P is D-invariant for

d

x(k+1) =Y Ax(k— 1) (9)
i=0

for any t; € Z,.

5. If the compact set containing the origin P is D-invariant, then its
convex hull Conv(P) is D-invariant.

6. If P;,P, CR" are two D-invariant sets for (1), their union
P1 U P, is not necessarily D-invariant.

7. The convex hull of the union of D-invariant sets is not necessarily
D-invariant.

Proof. Properties (1), (2) and (4) were proved in Lombardi (2011).
The proof of properties (3) and (6) is straightforward. For the proof
of property (5), one can exploit the relationship: A{Conv(P) @
A,Conv(P) = Conv(A1P) @ Conv(A;P) = Conv(A{P & Ay P). The first
equality is a direct application of the convex hull definition and
Minkowski sum properties. For the second equality, let P{, P, C
R", and let x € Conv(P; & P,), then x =) A;(x; +y;) with Xx; e
Pr and yje Py, A; > 0 and Y A;=1, then x=Y Aix; + > Ay €
Conv(P;) @ Conv(P,). Suppose now that x e Conv(P;) @ Conv(P,)
then x = Z)\,‘Xi + Zﬂ]y],WIth Z)"l = Z,BJ =1, and )x,‘, /3] > 0,
Xi € P1,yj € Pp. Since }"A; 3" B; =3 jAiBj =1 we can write x =
>ij AiBj(x; +;), then x € Conv(P; @ P7). Note that

AP AyP C P = Conv(AiP @Ay P) c Conv(P)
to conclude that:
A1Conv(P) @ AyConv(P) c Conv(P)

In order to check the property (7), consider the system:

x(k+])=[0(')2 %97]}‘("”[0%35 025}@_1), (10)

then the set

n = fres 0 2xs [V

is D-invariant as well as

= frem ] =xz[o1])

However, the set obtained as convex hull of the union Py P,
denoted P = Conv(Pq, P,), is not D-invariant. O

Remark 1. Property (7) of Proposition 1 raises a warning on the
convex hull operation applied to the union of two or more D-
invariant sets, which is not a closed operation over the class of
D-invariant sets. However, property (5) of Proposition 1 points out
that for one D-invariant operand, the convex hull operation pre-
serves D-invariance. It becomes clear that under the (unfortunately
uncheckable) assumption that a D-invariant set exists, an efficient
(convexity based) construction will be able to characterize it.

Remark 2. The property (4) of Proposition 1 holds also for the
limit case 7; = co. As a consequence, if P € R" is a D-invariant set
containing the origin, then P is positively invariant with respect to
the time invariant linear dynamics:

x(k+1) = Aox(k),
: (11)
x(k+1) =Agx(k).

Equivalently, AgP € P,...,A4P € P. The same result holds for a
dDDE represented by a partial sum of (1). Note that the second
property of Proposition 1 can be generalized. The intersection of a
finite or infinite collection of D-invariant sets is D-invariant.

The goal of the next subsections is to collect necessary
and/or sufficient conditions for the existence of a D-invariant
set for dDDEs. The existence of a non-degenerate and bounded
D-invariant set! is related to the stability of the discrete-time
dynamical system (1) affected by delay. It is obvious that asymp-
totic stability is only a necessary condition for the existence of
a D-contractive set and stricter conditions have to be imposed
for guaranteeing this existence. In the following we enumerate
a series of necessary and/or sufficient conditions available in
the literature, to the best of our knowledge; whenever possible,
we will link the conditions to classical numerical routines for the
eigenvalue problems.

3.1. Necessary conditions for D-invariance

3.1.1. Basic algebraic conditions

Proposition 2. Lombardi et al. (2011b) Considering the system (1),
the existence of a D-invariant C-set P implies that:

1. The spectral radii of the matrices A; are sub-unitary:
,O(Al) < 1, Vie Z[O,d]-

2. The spectral radius of the matrix (Z?:O A;) is sub-unitary:

d
p ZAi <1
i—0

3. The spectral radius of the extended state-space matrix is sub-

unitary:

p(Ag) < 1.

Proposition 2 in conjunction with property (4) of
Proposition 1 gives a measure of the complexity of establish-
ing necessary and sufficient conditions. Practically, the difficulty is

related to the need of testing the spectral radius of the extended
state-space matrix for all possible delay realizations.

3.1.2. Alternative algebraic conditions

Alternative necessary conditions were proposed in Gielen, Lazar,
and Olaru (2012b) in terms of asymptotic stability of dDDEs, for
the existence of a D-contractive set. The main idea is to cover the
possible sign combinations for the tuple A;,ie Zjgq: a straight-
forward task for any value of the delay parameter. In order to
simplify the notation, let us introduce the set S={-1,0,1} and
A =[8(0),...,8(d)].

Proposition 3. Gielen et al. (2012b) System (1) admits a D-
contractive set only if:

d
p[ D 8(MA | =1.VA es™! (12)
i=0

T It is easy to observe that sets like {0} or R" are D-invariant but they do not
satisfy the non-degenerate or boundedness conditions.
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If a given dDDE does not satisfy the above condition, then it
does not admit a D-contractive set. Gielen et al. (2012b) shows that
the condition derived in Proposition 3 is not sufficient for the ex-
istence of a D-contractive set, numerical examples being available
in this sense.

3.1.3. Specific algebraic conditions for 2 delay dDDEs

For dDDEs with two delay parameters, in order to decrease
the conservativeness of the time-domain methods, Stankovic
et al,, 2014 have used the frequency-domain framework. The D-
invariance concept was studied, along with its relation to robust
asymptotic stability, considered as a strong stability of dDDEs. This
notion defines stability with respect to all delay realizations. Due
to the incompleteness of the discrete time, the characterization of
robust asymptotic stability is not simple. Thus using a more gen-
eral class of difference equation (precisely the ones that are speci-
fied in the continuous-time domain) proved to be useful. In the se-
quel the concept of strong stability is denoted by delay-independent
stability? and it represents the continuous-time counterpart to ro-
bust asymptotic stability.

Recently, Stankovic et al. (2014) have provided a computation-
ally efficient numerical condition which is necessary to guarantee
the existence of Lyapunov-Razumikhin contractive sets. This test
is sufficient for the robust asymptotic stability with respect to the
delay parameter and can be employed in the D-invariance context.
The main result can be summarized in the next theorem.

Theorem 4. Stankovic et al. (2014) Assume that p(Ag+ A1) <1 and
that dg € R, and d, € R,. Then, the system

1
x(k) = 3" Ax(k — dy) (13)

i=0

admits a D-contractive set only if y (U,V) N dD = @, where

_ 0n2><n2 Inz _ Inz Onzxnz
U= ( “Bo  -B) V" \0pw B (14)
Bo=Ao®Al, Bi=A) @Al +A1 @Al — 1., By=A®Al. (15)

As stated in Stankovic et al. (2014), the condition of
Theorem 4 covers the existing necessary conditions for the two de-
lay parameters case. However, we report here an interesting exam-
ple which points out the possible limitations of this condition.

Example 1. Laraba et al. (2015b) Consider system (1) with d =1
and:

05 05 0 05
AO:(O o)’ A1:<—0.5 0.5) (16)

For this numerical example, one can compute:
p(Ap+A1) =0.8660 < 1
and

y(U.,V) =1.7442 +£1.9433i, 0.2558 +0.2850i, 0,0, inf,inf.

The necessary condition by Stankovic et al. (2014) is fulfilled. How-
ever, up to the existing constructive routines (see next section)
there is no numerical construction able to determine a D-invariant
set for this system.

2 also known as stability in the delays.

3.2. Sufficient conditions for D-invariance

The converse problem of establishing sufficient conditions for
the existence of D-invariant sets has been stated in Lombardi
(2011) with two tests that we recall here for completeness.

Proposition 4 (Lombardi (2011)). The existence of a D-invariant C-
set P is guaranteed for the system (1), if one of the following spectral
norm based conditions holds:

1. The sum of the spectral norms of A;, for i € Zyg g}, is subunitary:

d
> o) <1

i=0

2. In the case of nonsingular matrix A; for i € Zj q)

(A +0A;'A) +--+0(A;'A))o (Ag) <1

(1+0(A;'Ag) + ---+£;(A;1Ad,1))a(Ad) <1.

Remark 3. The sufficient condition (1) can be generalized by re-
placing the sum of the spectral norms by the sum of any other
induced matrix norms.

Proposition 4 concentrates on the spectral norms of the matri-
ces appearing in the dDDE (1). A different approach for establish-
ing sufficient conditions is to exploit the structural properties of
specific classes of candidate D-invariant sets. We propose next a
contribution in this sense with a sufficient condition for the exis-
tence of ellipsoidal D-contractive sets for a dDDE. As it is often the
case in this framework, the tests are based on LMlIs.

Theorem 5. Considering the dynamical system (1), the existence of
an ellipsoidal D-invariant set is guaranteed if the following d + 1 LMIs
hold for some P = PT > 0:

ATPAy— P ATPA, ATPA
ATPA,  ATPA ATPA

, , R (17a)
ATPA,  ATPA, ATPA
ATPA,  ATPA ATPA
ATPA,  ATPA, —P ATPA

. . . <0 (17b)
ATPA,  AlPA ATPA4

ATPA,  ATPA ATPA

ATPA,  ATPA, APAL | (17¢)

ATPA,  ATPA, ATPA, — P

Proof. In order to ensure that the set
W= {xeR”,xTng 1}

is D-invariant for the system described by the dDDE (1), one has
to show that x;,.1 € W, VX, X¢_1,....X_q € ¥, which is equivalent
to the simultaneous verification of the d + 1 inequalities:
T T
Tx,me,M —Tkaxk <0
X1 PXipr — X1 Pxeq <0

T T
X1 Pyt — X gPXe_g < 0
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Fig. 1. D-contractive set for the dDDE (1) with d =1, Ag, A; given in (21).

Exploiting the dDDE relationship one has: x ;Px;1 — X Px; =
(AoXy + Arxp_1+ -+ AgXi_a) TP(AgX + ArXy_q + -+ + AgXi_g) — X]
PXk = X{ (A(I)-PAO — P)Xk + X{AEP(A]Xk_l + - +Aka_d) + (Alxk_1 +
o AgX_a) TP(Agxy + A1Xp_q + - - + AgXi_q) < 0. In the equivalent
matrix formulation:

X, \ | /ALPAg—P  ATPA; ATPAGN [ x,
Xk—1 A{PAO A{PA‘l AIPAd Xk—1

. . . . . <0 (9
Xk—d Al PAg Al PA; ATPA;) \Xk-d

Analogously for the second inequality:

Xk T AEPAO AEPA1 AgPAd Xk
Xk_1 A—{PAO A-{PA1 - P A—{PAd Xk_1

. . . . . <0 (20)
Xk—d AZPAO AZPA1 AZPAd Xk—d

up to the d+1 inequality. We can conclude that the existence
of a positive definite matrix P =PT is a sufficient condition for
the existence of an ellipsoidal D-invariant set, and the proof is
complete. O

Example 2. For illustration let us consider system (1) with only
one delay parameter d =1 and:

035 0.13 0.51 -0.01
Ao = (0.51 0.01)’ A= (o.o3 0.51 ) (21)
The condition for the existence of a D-contractive set proposed in
Theorem 5 is fulfilled and the D-contractive set exists as shown
in Fig. 1. Dashed black lines in Fig. 1 represent the state trajecto-
ries starting from some points on the boundary of the ellipsoidal
D-contractive set with respect to the dDDE (1) with d =1, Ag, Ay
given in (21). It is interesting to note that the sufficient condition

lAollp + lA1llp <1 by Hennet and Tarbouriech (1998); Lombardi
et al. (2011b) does not hold for this numerical example.

3.3. Necessary and sufficient algebraic conditions for polyhedral
D-invariant sets

The problem of finding convex D-invariant sets can benefit
whenever particular structural properties are enforced. It is the
case of polyhedral sets, for which necessary and sufficient condi-
tions exist as resumed by the following theorem.

Theorem 6 (Hennet and Tarbouriech (1997)). Let a delay differ-
ence equation be described by (1). There exists P a polyhedral D-
contractive set containing the origin:

P={xeR" Fx<1) (22)

with F € R™", described by its minimal half space representation, if
and only if there exist d + 1 real matrices H; e R™", fori={0,...,d},
with non-negative elements and a positive € < 1, such that:

FA; = HF (23a)

d

ZHi 1, <el,
i=0

(23Db)

Clearly, if the requirement on € being strictly smaller than 1 is relaxed
to non-strict inequality, then (23) represents a necessary and sufficient
condition for the existence of a D-invariant set.

3.4. Relationship between D-invariance and dDDE stability

In this subsection we aim at complementing the overview of
the necessary and sufficient conditions with a theoretical result
that establishes a link between the stability in presence of time-
varying delay and the existence of D-invariant sets.

Theorem 7. The dDDE (2) admits a proper D-invariant set if and
only if the time-varying dDDE (3) is delay-independent stable.

Proof. We prove next the case of dDDE with only two delay pa-
rameters, x(k+ 1) = Agx(k —dg) +A1x(k —dy), the case of finite
number of delays (2) being a direct generalization. The proof of
the "only if” implication builds on the fact that the existence of a
D-invariant set P is equivalent to the set inclusion:

APoAIPCP (24)

Thus for initial conditions x(k) € P for k € Z(_., o} one has x(1) € P
independent of the delay realization dy(0),d;(0) € N. By induc-
tion, given a positive index i e N, if x(k) e P for k € Z_,; then
x(i+1) € P independent of the delay realization dg(i),d;(i) e N
which implies that the trajectories are bounded x(k) € P, Vk € N,.
Stability for any initial condition follows from property (1) of
Proposition 1. By homogeneity, D-invariance is preserved by scal-
ing and as such, there always exists a D-invariant set which con-
tains a given initial condition of the dDDE.

For the "if” part of the proof, consider the initial conditions for
the system (3) to be contained in a compact set P containing the
origin in its interior. Formally, the initial conditions and the time-
varying delay realization can be described by the functions:

Xp ! Z(foo,O] — P
d() Ny — Z(—oo,O] (25)

d1 Ny — Z(—oo,O] (26)

Having as an objective the construction of the reachable set from
P, let us denote the state at time instant k € Z by x(k, X5, dg. dq)
as the solution of (3) with respect to the initial conditions x;, and
time-varying delay realizations dg(-), d1(-). With this notation, the
reachable set from P via (3) is defined as:

R(P)={x e R"|Fk € N;, x5 (-),do(-).d1(-) s.t. x=x(k,X;,dp,dq)}
(27)

Coming back to the proof, the objective is to show that P, =P U
R(P) is a proper D-invariant set. The fact that the origin is con-
tained in the interior of P, is inherited from the properties of P.
The boundedness of the set R(P) is ensured by the stability as-
sumption and will be inherited by P,. What remains to be proved
is the invariance of P,. Three possibilities should be discussed:



M.-T. Laraba et al./Annual Reviews in Control 41 (2016) 13-23 19

e x(k—dg(k)) e P and x(k—d;(k)) € P: in this case the state
x(k+ 1) is part of the one step reachable set and subsequently
x(k+1) e R(P) C Pr.

x(k —dy(k)) € P and x(k—dq(k)) € R(P) (with delay indices
which can be interchanged): this case corresponds to a reach-
able state x(k — dy(k)) € R(P) combined with a large (pseudo-
infinite) delay dg(k). As a consequence, the state realizations
x(k+1) will represent a subset of the reachable set and
R(P) C Pr.

x(k—dy(k)) € R(P) and x(k — dq(k)) € R(P) (with delay indices
which can be interchanged): again, via reachability x(k+ 1) €
R(P) c Pr with the particular case dgy(k) = dq(k) which de-
serves a special treatment. Indeed, for the restriction dg(k) =
di(k), the state dynamics (3) reduces to x(k+1) = (Ag +
A1)x(k —dq(k)). But this realization is only a particular case
of the general time-varying delay realization dg(k) # dq(k)
for which x(k — dg(k)) = x(k — d; (k)), which is covered by the
reachable set construction and the proof is complete. [J

Remark 4. The sets containing the forward trajectories, as those
used in the argument of the proof, are non-convex and lead to
computationally demanding constructions, from a practical point
of view. In the next section we describe the corresponding algo-
rithm and subsequently reinforce the convexity by exploiting prop-
erty (5) of Proposition 1.

4. Construction of D-invariant sets based on set iterations

We address now the construction procedures for the case x(k +
1) = Apx(k) +Agx(k — d) supposing that it admits a D-invariant
set. The general form (1) follows similarly. We use the fact that
existence of D-invariant sets is exactly equivalent, by Lemma (3),
to the verification of AgP ® AyP < P. To simplify the explanation,
we first define the forward mapping :

® : Com(R") — Com(R")

®(P) = AP ® AP (28)
and the mapping based on the union:
. n n
v : Com(R") — Com(R") (29)

V(P) =UP. ®(P)).
Note that even if P is convex, W (P) is not necessarily convex.

Remark 5. We enumerate here some useful properties of the map-
pings defined in (28) and (29):

1. If a given set P (convex or not) is D-invariant for (1), then
d(P) cP.

2. k-iterates over the family of sets is set-wise non decreasing
(Wk-1(P) < WK(P), Yk = 1) with Wk(P) = W (Wk-1(P)) for k >
0 and WO (P) = P.

3. If P is D-invariant for (1) then ®k(P) is set-wise non increasing
(Pk(P) c F-1(P),Vk=1) .

4.1. Basic set-iterates procedure for the construction of D-invariant
sets

We describe in this part the basic steps of an iterative con-
struction of D-invariant sets. Under the assumption that such an
invariant set exists for the system (1), we can always scale it using
property (1) of Proposition (1) such that it encompasses the initial
set Q. Using the theoretical properties shown above, an algorith-
mic routine based on non-convex sets mapping is proposed for the
computation of D-invariant sets with respect to (1). Algorithm 1
considers as an input argument an arbitrary bounded set Q con-
taining the origin (Schneider, 2013; Ziegler, 1995).

Convergence and finite determinedness analysis: First, it can be
proved that Algorithm 1 constructs a non-decreasing sequence

Algorithm 1: Basic (non-convex) set-iterates procedure.
Data: A bounded set Q € R" containing the origin; the
matrices Ag, Ay € R™" describing the system (1)

Result: R a D-invariant set

Ro=Q;
R1=0(Q) =AQ®AQ;
i=1;

while R; ¢ R;_; do
Riy1 = Y (R) = UR;, AoRi ® AgRy);

i=i+1;
end
Return R = R;

(Alternatively, R = Conv(R;) can represent the output if a
unique convex set is needed.)

that converges to a D-invariant set. Indeed, the algorithm is based
on the set mapping R, 1 = W(R;) which satisfies R;,; > R;. Thus
the sequence R; is non-decreasing in the sense of set inclusion. On
the other hand, since the D-invariance is scalable (using property
(1) of Proposition (1), the hypothesis of existence of a D-invariant
set P containing Q ensures Q C R; C P. Since any set R; provided
by the algorithm is a subset of P, W(R;) is also a subset of P. In
conclusion, the algorithm provides a sequence of sets R; which is
non-decreasing by inclusion and limited from above by P. Hence
the sequence admits a limit which is D-invariant (by the struc-
ture of the algorithm) and proper (because limited from above by
P which is a fixed point with respect to the mapping W(-)). Sec-
ondly, the finite determinedness can be formally proved. Given the
(delay-independent) asymptotic stability of system (1) with matri-
ces Ag and Ay, there exists a finite number of time steps tmqx Such
that the trajectories initiated in Q@ end up in P. The algorithm is
collecting the trajectories initiated in Q, which is a subset of P,
and thus tmex represents an upper bound for the number of itera-
tions. This completes the convergence analysis of the algorithm.

Note that the iterations and the limit set are non-convex and
this is related to the union operation performed by the mapping
in W(.).

Example 3. Laraba et al. (2015b) Let us consider the following dy-
namical system:

0.1 0 0.1
x(k+1) = [0.4 0.1}‘(") + [0.4
Consider the initialization set Q as the co-norm unit ball in R2.
A non-convex D-invariant set is obtained iteratively by applying
Algorithm 1 with 4 iterations.
Fig. 2 presents this invariant set (the left one), and the image
(the right one) of this set by the forward mapping ®(.). Fig. 3
presents the Convex hull of the obtained non-convex D-invariant

set and shows that it is D-invariant as theoretically proved in prop-
erty (5) of Proposition 1.

_0(.)52}‘(" —d), (30)

4.2. Convex set-iterates procedure for the construction of D-invariant
sets

We describe briefly in this part the main steps of an iter-
ative construction of D-invariant sets while manipulating only
convex sets. This algorithmic routine was proposed by Lombardi
et al. (2011b), but we recall it here in light of Theorem 7 and
Algorithm 1. Let us define the two mappings :

Q : ComC(R") — ComC(R")
Q(P) =AoP @Adp

Z : ComC(R") — ComC(R")
E(P) = Conv(P, 2(P)).

(31)

(32)
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Fig. 2. Graphical illustration of the non-convex D-invariant set for the Example 3.
The D-invariant set-green (left); the set AyP @ AyP-red (right). (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article).
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Fig. 3. Graphical illustration of the convex D-invariant set for the Example 3.

Given a convex set P € ComC(R"), the sequence E¥(P),k > 0 con-
verges toward a convex D-invariant set Lombardi et al. (2011b).
The main objective of this procedure remains the same as the pre-
vious one: enlarge the set as much as possible with the Convex
hull operation, while keeping it included in a D-invariant superset.

Algorithm 2, unlike the previous one, manipulates convex sets
with all their computational advantages. At each iteration, the con-
vex hull of the union of the present set and the forward mapping
of the same set R; are obtained.

4.3. Complexity and speed of convergence

In this section, we point to the possible extension of
Algorithms 1 and 2 in order to improve the convergence speed.
Instead of performing one forward mapping in each iteration be-
fore checking D-invariance, N forward mappings are performed in
each iteration. The resulting Algorithm 3 seems to be efficient in
the sense that we can reduce the complexity and the number of
iterations.

Example 4. Laraba et al. (2015b) Let us consider the following dy-
namical system :

x(k+1) = [0(')2 g:éi|x(k) + [8:? ok [xte—ay. (33)
Let )

V2 =2 0.5

V2 V2 1
0=1{xeR? N 72 [¥=os

3 -2 1

Algorithm 2: Convex set-iterates converging to a D-invariant
set.
Data: A convex set Q € R" containing the origin in the
interior; the matrices Ag, Ay € R™"
Result: R Convex D-invariant set

Ro=Q;
Ri1=P(Q) =AQ®AQ;
i= 1;

while R; ¢ R;_; do
Rip1 = B(R;) = Conv(R;, AgR; ® AgRi);

i=i+1;
end
Return R = R;

Algorithm 3: Auxiliary set-iterates procedure.

Data: A bounded convex set containing the origin Q € R";
the matrices Ag, A € R™"; N the number of forward
mappings in one iteration

Result: R Convex D-invariant set

Ro=9Q;

R1=R(Q) =A@ A;Q;

AUX] = Ro;

i=1;

while R; ¢ R;_; do

form=1:Ndo

| Auxp,1 = P(Auxm)

end

Aux = [Auxq, Aux,, ..

R; = Conv(Aux);

Riy1 = Q(R;);

i=i+1;

Aux1 =R

end

Return R = R;

- Auxyyq];
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Fig. 4. Graphical illustration of D-invariant sets obtained by Algorithm 2 (left) and
Algorithm 3 (right), for the Example 4.

be the initialization set. By applying Algorithm 3 with N =2 and
Algorithm 2, two different D-invariant sets are obtained for the dy-
namical system (33) in 2 (N =2) and 18 iterations, respectively.
Fig. 4 presents these sets. Dashed black lines represent the state
trajectories starting from the vertices of these sets with respect to
the dynamics (33).

It becomes clear that, under the assumption that a D-invariant
set exists, an efficient construction exists. We can also use the al-
gorithmic construction (Algorithm 2) as an induced tool to check
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Fig. 5. Sequence of the forward mappings Conv(P,AoP @& AyP), for the Example 1.
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Fig. 6. Schematic overview of the presented results. (For interpretation of the ref-
erences to color in this figure, the reader is referred to the web version of this
article).

if a D-invariant set can/cannot be obtained, whenever the dDDE
satisfies the necessary conditions for the existence of such in-
variant sets. To illustrate this idea, Example 1, which raises a
doubt about the sufficiency of the matrix-pencil based conditions
(Stankovic et al., 2014), will be discussed in the sequel. By com-
puting the set iterations up to strict inclusion into the initial one,
convergence/divergence can be inferred. If the initial set Q for
Algorithm 2 is the co-norm unit ball in R? and the dDDE is given
by the matrices in Example 1, then after 4 iterations one obtains
the sequence in Fig. 5. The set iteration can be stopped as long as
Q is a strict subset of P4. This represents a proof by construction
that forward set iterations diverge and the system does not admit
a D-invariant set.

A pictorial overview of the relation between different kinds of
stability and existence of D-invariant sets is given in Fig. 6. Solid
black lines represent implications that have been proved herein.
Solid yellow lines represent previous results and dashed lines with
question marks represent open problems. Dashed lines with a
cross between two statements show that the first property does
not necessarily imply the second.

5. Extensions of D-invariance

As mentioned in the introduction, two main approaches exist
in the literature dealing with positive invariant sets for discrete
time-delay difference equations; an invariant set for the dDDE can
be computed either in an extended state space, or in the original
state space (in this latter case, it is called D-invariant set). The con-
cept of cyclic invariance (Lombardi et al., 2012) can be exploited
to compute, instead of a rigid set in (R")4*! or R" as in the two

aforementioned approaches, a tuple of invariant sets; thus offering
a certain degree of flexibility.

Definition 9. A (d + 1)-tuple of sets {2, ..
D-invariant with respect to (1) if:

A()Qo GBA]Q] GB'“@Ade - Qd;
Ao ®AIQ @ @A 1 € Qy1:

., 24} is called cyclic

(34)
A1 @A @ - &A1 S Q.

A generalization of the cyclic invariance notion to invariant
family of sets was proposed by Rakovic et al. (2012) and Rakovic
and Gielen (2014).

Definition 10. A family of (d+ 1)-tuples of sets F c (R")4+!
is an invariant family with respect to (1) if for any tu-
ple {Qq.1,...,Q4} € F there exists a set Q, c R" such that
{Q*, Q() ey Qd*l} e F and AOQU @A]Q] PD--- @Ade - Q*

The link between the two main representations for discrete
time-delay difference equations and their invariant sets has re-
ceived recently a unifying characterization via set factorization
(Olaru et al., 2014). The reader is referred to this work for geomet-
rical details on the Cartesian product of sets in relationship with
positive invariance for time-delay systems.

6. Conclusion

This paper discusses positive invariance for discrete time-delay
systems. Necessary and/or sufficient conditions for the existence of
D-invariant sets have been gathered and discussed. The relation-
ship between D-invariance and stability has been studied for dis-
crete delay difference equations (dDDEs). The construction of D-
invariant sets via set iterations has been shown to benefit from set
convexification, despite the fact that set forward mappings based
on the original dDDE lead to a non-convex D-invariant set.
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